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Abstract: Translation-invariant ⋆ products are studied in the setting of α∗-cohomology.
It is explicitly shown that all quantum behaviors including the Green’s functions and the
scattering matrix of translation-invariant non-commutative quantum field theories are thor-
oughly characterized by α∗-cohomology classes of the star products.
I. INTRODUCTION
Non-commutative quantum field theory is the most generic shared domain of quantum physics and
non-commutative geometry. There are also various fascinating applications of non-commutative ge-
ometry in quantum physics such as to describe the Standard Model in the setting of non-commutative
Riemannian manifolds or spectral triples [1], but the naive idea of non-commutative space-time
was strongly verified by other understandings of quantum physics. More precisely, the proposal
of non-commutative structures for space-time coordinates at very small length scales, was in fact
suggested long time before appearing the ideas of non-commutative geometry, in the early years of
quantum mechanics by its founding fathers to introduce an effective ultraviolet cutoff for quantum
field theories and to give an appropriate setting to describe the small scale structures of the universe
[2, 3]. However, the appearance of non-commutative geometry in quantum physics led to a revival
of this idea for non-commutative space-time at Planck scale which was largely ignored in the mid of
the last century due to the success of renormalization program of field theories [4]. But in fact this
revival also owes most of its appearance to developments of string theory where more evidences for
non-commutative space-time came from [5–8]. Indeed, in string theory as an appropriate modification
of classical general relativity, the need of non-commutative space-time is actually more apparent than
in quantum field theory [9]. In fact the occurrence of non-commutative field theories can also be
explained in this setting by open string degrees of freedom known as D-branes [10], which are fixed
hyper-surfaces in space-time onto which the end-points of strings can attach. Actually the low-energy
effective field theory of D-branes has configuration space which is described in non-commuting
space-time coordinate fields [11, 12].
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Algebraic formulation of non-commutative space-time coordinates was firstly worked out by
Snyder [13, 14] which was strongly motivated by the need to control the divergences of quantum
electrodynamics in its very beginning formalisms. Soon after by following the idea of Weil-Wigner
quantization [15, 16] a more spectacular framework of non-commutative structure for space-time,
so called Groenewold-Moyal product, was introduced [17, 18] which after 20 years led both to a
deep understanding of quantum physics and a fundamental revolution in Poisson geometry and
Poisson algebra known as the theory of deformation quantization or star products [19, 20]. Non-
commutative field theories were extensively studied in this generic approach, using the well-known
Groenewold-Moyal product instead of the ordinary product. Developing the Feynman rules [21] and
considering the perturbation theory [22], revealed a serious problem in renormalization program of
non-commutative scalar field theories, so called UV/IR mixing. UV/IR mixing is a pathological
effect which plagues the theory by reflecting UV divergences in new IR singularities. Soon after
it was shown [23–26] that non-commutative gauge theories are also suffered by UV/IR mixing.
Curing UV/IR mixing in non-commutative quantum field theories led to more serious problems for
breaking the translation-invariance [27, 28] or the locality [29]. Breaking the translation-invariance
plagues a quantum theory by losing the energy-momentum conservation law. This fact provided
strong motivations for studying a large family of generalized Groenewold-Moyal star product which
do not depend on coordinate functions. This family of star products is commonly referred to as
translation-invariant products [30, 31] since they keep the translation-invariance property of the
theory when they are used instead of the ordinary product. Translation-invariant quantum field
theories equipped with translation-invariant non-commutative products are also called translation-
invariant non-commutative quantum field theories. It is well known [30] that at one-loop corrections
the quantum behaviors of translation-invariant non-commutative scalar and gauge field theories are
entirely described by the commutators of coordinate functions. This fact can be considered as a
special case of α-cohomology description of translation-invariant star products introduced in [30]. By
definition α-cohomology is a theory of cohomology based on the associativity condition of algebraic
products which classifies the set of translation-invariant products up to a family of commutative ones,
the coboundaries [32]. Using the perturbation theory, it is seen [33] that the quantum corrections of
translation-invariant non-commutative scalar field theory for 2- and 4-point functions, in all finite
order of loop calculations can be described by the α-cohomology classes of the ⋆ products.
In this paper, translation-invariant star products are discussed in the setting of α- and α∗-
cohomology in order to obtain a consistent framework to classify and study the translation-invariant
non-commutative field theories. This leads to a deep understanding of quantization of translation-
invariant field theories and their intrinsic non-commutative effects such as non-locality and UV/IR
mixing.
The article is arranged as follows: The second section is a short survey on translation-invariant
star products due to [30, 31]. In the third section α-cohomology is defined in a more strict and
well-defined mathematical setting. It is then proven that any commutative translation-invariant star
product is exactly a coboundary element and consequently it is inferred that the second α-cohomology
group strictly classifies non-commutative translation-invariant star products modulo the commutative
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ones, the fact of which was not shown in [30]. In the fourth section an algebraic version of Hodge
theorem is worked out for the second α-cohomology group. This leads to a unique representing
element, so called harmonic form, for each α-cohomology class. Considering complex products results
in a new and more effective cohomology theory, the α∗-cohomology, as a sub-theory of α-cohomology,
which is introduced and discussed in section V. Using the fruit-full concept of harmonic forms for
α∗-cohomology, it is shown in the sixth section that the quantum corrections of translation-invariant
non-commutative quantum field theories are entirely described by the α∗-cohomology classes in all
orders of loop calculations. This produces a non-perturbative proof and a more compact explanation
for the correlation of α∗-cohomology second group and the classification of quantum corrections in
translation-invariant non-commutative quantum field theories which was partly discussed in [33]. In
the seventh section the origin of α- and α∗-cohomology is discovered. This power-full achievement
naturally shows that classifying the translation-invariant non-commutative quantum field theories
in the setting of α∗-cohomology theory is the strongest and also the most general classification
in the viewpoint of quantum physics. Eventually a few number of use-full algebraic structures of
translation-invariant products are worked out in section VIII. Section IX includes the summery and
conclusions and finally the last section devotes to appendices.
II. TRANSLATION-INVARIANT ⋆ PRODUCTS
As a generic definition a non-commutative structure on R2n, is usually given by a set of nontrivial
commutation relations of coordinate functions of a fixed globally defined chart, say (R2n, {xµ}2nµ=1),
with an anti-symmetric fixed matrix θ;
[xµ, xν ] = iθµν , (II.1)
1 ≤ µ, ν ≤ 2n. It is seen that commutation relations (II.1) can be satisfied by replacing the ordinary
product of C∞(R2n) by a non-commutative one, say ⋆;
xµ ⋆ xν − xν ⋆ xµ = iθµν . (II.2)
Usually the deformation quantization structure ⋆ is considered as the well-known Groenewold-
Moyal product; i.e.; f ⋆G−M g = m ◦ (exp(
1
2 iθ
µν∂µ
⊗
∂ν)(f
⊗
g)) for f, g ∈ C∞(R2n) and for iθ a
fixed Hermitian matrix proportional to i
(
0 1
−1 0
)
for any 2-dimensional non-commutative subspace
while m : C∞(R2n)
⊗
C∞(R2n) → C∞(R2n) is the ordinary point-wise production. The simplest
generalization of Groenewold-Moyal product is the Wick-Voros production [34–37] which is defined
similar to the Groenewold-Moyal one but with replacing i
(
0 1
−1 0
)
by
(
1 i
−i 1
)
. It can also
be shown that these two star products both can be regarded as deformation quantization due to
Weyl-Wigner correspondence [38].
More than constant commutation relation (II.2), there may be defined other deformation structures
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on R2n with linear and quadratic forms. The linear case leads to a Lie algebra with;
[xµ, xν ] = iλµνσ x
σ , (II.3)
λµνσ ∈ C. These structures are basically discussed in two different settings, fuzzy spaces [39, 40] and
κ-deformation [41, 42]. The quadratic commutation relations are mostly given in terms of R-matrix
or quasi-triangular structures of quantum groups [43];
[xµ, xν ] = i(
1
q
Rµνσλ − δ
µ
σ δ
ν
λ) x
σxλ , (II.4)
q ∈ C. R-matrices are the solutions of quantum Yang-Baxter equation in quantum inverse scattering
theory [44].
It is seen that the non-commutative structure (II.2), despite of (II.3) and (II.4), is independent
of coordinate functions xµs in the chosen global coordinate chart (R2n, {xµ}2nµ=1). Such deformation
structures are called translation-invariant products. More precisely a deformation quantization of Rm
or a ⋆ product over C∞(Rm) is translation-invariant if and only if there exists a global coordinate
chart on Rm, say (R2n, {xµ}2nµ=1), such that (II.2) holds for the coordinate functions. Translation-
invariant products preserve the translation-invariance and consequently lead to the energy-momentum
conservation law in substantially translation-invariant quantum field theories. More strictly, ⋆ is a
translation-invariant star product on C∞(Rm), if and only if;
Ta(f) ⋆ Ta(g) = Ta(f ⋆ g) , (II.5)
for any vector a ∈ Rm and for any f, g ∈ C∞(Rm), where Ta is the translating operator along a global
coordinate system, say {xµ}mµ=1; Ta(f)(x) = f(x + a), f ∈ C
∞(Rm). Replacing a with ta, t ∈ R, in
(II.5) and differentiating with respect to t at t = 0, one easily finds that ∂µ(f ⋆g) = (∂µf)⋆g+f ⋆(∂µg),
1 ≤ µ ≤ m, which shows that any translation-invariant product is exact.
From now on for simplicity we suppose that there exists a fixed global coordinate chart over Rm
with coordinate functions {xµ}mµ=1.
An equivalent definition of translation-invariant products over Cartesian space Rm, is given by [30];
(f ⋆ g)(x) :=
∫
dmp
(2π)m
dmq
(2π)m
f˜(q)g˜(p) eα(p+q,q)ei(p+q).x , (II.6)
for f, g ∈ C∞(Rm), their Fourier transformations f˜ , g˜, and finally for generator α ∈ C∞(Rm × Rm)
which obeys the following cyclic property;
α(p, r + s) + α(r + s, r) = α(p, r) + α(p − r, s) , (II.7)
for any p, r, s ∈ Rm. Actually (II.7) is equivalent to associativity of generator ⋆, i.e. (f⋆g)⋆h = f⋆(g⋆h)
for f, g, h ∈ C∞(Rm). α is mostly referred to as the generator of ⋆. In fact, (II.6) is the most general
definition for translation-invariant deformation quantization of Rm.
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To be precautious and to have well-defined products, from now on C∞(Rm) is replaced by Sc(Rm),
the Schwartz class functions with compactly supported Fourier transforms, for any translation-
invariant product ⋆. It can be easily seen that Sc(Rm) defines a well-defined closed algebra for any
translation-invariant star product ⋆. The corresponding algebra is conventionally shown by Sc(Rm)⋆.
Moreover, one can naturally extend the domain of the star products to Sc,1(Rm) := Sc(Rm)
⊕
C to
have a unital algebra. The corresponding unital algebra with star product ⋆ is similarly shown by
Sc,1(Rm)⋆. It is obvious that for any f ∈ Sc,1(Rm), 1 ⋆ f = f ⋆ 1 = f if and only if;
α(p, p) = α(p, 0) = 0 , (II.8)
for any p ∈ Rm. Combining (II.7) and (II.8) leads to;
α(0, p) = α(0,−p) , (II.9)
for any p ∈ Rm. Using (II.9) it can also be shown that any translation-invariant product admits the
trace property; ∫
Rm
f1 ⋆ · · · ⋆ fk−1 ⋆ fk =
∫
Rm
fk ⋆ f1 ⋆ · · · ⋆ fk−1 (II.10)
for any k ∈ N and for any set of f1, · · · , fk−1, fk ∈ Sc(Rm). Also from (II.7)-(II.9) it can be shown
that;
α(p, q) = −α(q, p) + α(0, q − p) , (II.11)
α(0, q) = α(0, p) − α(q, p) + α(−p, q − p) , (II.12)
and finally
α(p, q) = −α(0, p) + α(0, q) + α(0, p − q)− α(−p, q − p) , (II.13)
for any p, q ∈ Rm. On the other hand, it is easily seen that the commutivity of ⋆ is equivalent to;
α(p, q) = α(p, p − q) , (II.14)
for any p, q ∈ Rm. Thus α is called commutative if it satisfies (II.14).
III. α-COHOMOLOGY AND CLASSIFICATION OF TRANSLATION-INVARIANT STAR
PRODUCTS
Let Cn(Rm) ⊆ C∞(Rm × · · · × Rm︸ ︷︷ ︸
n−fold
), n ≥ 0, be the complex vector spaces generated by smooth
functions f with properties of:
• C0(Rm) := {0},
• For n = 1; C1(Rm) := {f ∈ C∞(Rm)|f(0) = 0},
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• For n = 2; C2(Rm) := {f ∈ C∞(Rm × Rm)|f(p, 0) = f(p, p) = 0; p ∈ Rm},
• For n ≥ 3; Cn(Rm) ⊆ C∞(Rm × ...× Rm︸ ︷︷ ︸
n−fold
) consists of smooth functions f with properties
of f(p1, ..., pn−1, 0) = f(p1, ..., pk, p, p, pk+1, ..., pn−2) = 0, k ≤ n− 2, for any p, p1, ..., pn−1 ∈ Rm,
then consider the linear maps
∂n : C
n(Rm) −→ Cn+1(Rm) , (III.1)
commonly denoted by ∂, defined by;
∂nf(p0, ..., pn) := εn
n∑
i=0
f(p0, ..., pi−1, pˆi, pi+1, ..., pn) + εn(−)
n+1f(p0 − pn, · · · , pn−1 − pn) , (III.2)
f ∈ Cn(Rm), with εn = 1 for odd n and εn = i for n even. It can be seen that ; ∂2 = ∂n ◦ ∂n−1 = 0
for any n ∈ N. Therefore, Cn(Rm)s as cochains and ∂ns as coboundary maps define a complex with;
C0(Rm)
∂0
−→ C1(Rm)
∂1
−→ ...
∂n−1
−→ Cn(Rm)
∂n
−→ ... . (III.3)
The complex (III.3) defines a cohomology theory so called α-cohomology [30–32] which is de-
duced from Hochschild cohomology. As a generic convention the notation of α1 ∼ α2 is used for
two α-cohomologous n-cocycles α1 and α2. Also the cohomology class of α ∈ Ker∂n is shown by
[α]. Therefore, the α-cohomolgy group, Hnα(R
m) := Ker∂n/Im∂n−1, classifies n-cocycles differing in
coboundary terms into the same equivalence classes. Now consider the translation-invariant products
given by α ∈ C2(Rm) due to definition (II.6). According to (II.7), associativity of ⋆ is equivalent to
∂α = 0. More precisely, α is a generator if and only if it is a 2-cocycle. Indeed, H2α(R
m) classifies all
the translation-invariant quantization structures of Sc,1(Rm) modulo the coboundary terms. It can
be easily seen from (II.14) that if [α] = 0 then α is commutative. In the following it is shown that
the inverse is also true and thus H2α(R
m) classifies the translation-invariant star products on Sc,1(Rm)
modulo the commutative ones. To see this fact set;
α
′
(p, q) :=
1
2
(α(p, q) + α(−p,−q)) , (III.4)
for p, q ∈ Rm. It can be checked that ∂α
′
= 0 and thus it defines a translation-invariant structure on
Sc,1(Rm). Next define ⋆
′
with α
′
accordingly;
(f ⋆
′
g)(x) :=
∫
dmp
(2π)m
dmq
(2π)m
f˜(q)g˜(p − q) eα
′
(p,q) eip.x . (III.5)
for f, g ∈ Sc,1(Rm).
Now let α
′′
:= α− α
′
. More precisely;
α
′′
(p, q) =
1
2
(α(p, q)− α(−p,−q)) . (III.6)
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for any p, q ∈ Rm. Therefore, ∂α
′′
= 0. Using (II.14) it can be shown that α
′′
is commutative. Thus,
⋆ and ⋆
′
differ in an associative commutative product. On the other hand; α
′′
(p, q) = −α
′′
(−p,−q)
for any p, q ∈ Rm. Then, (II.9) and (II.11) lead to;
α
′′
(p, q) = −α
′′
(q, p) (III.7)
for p, q ∈ Rm. Indeed α
′′
obeys the following properties;
α
′′
(p, q) = α
′′
(p, p− q)
α
′′
(p, q) = −α
′′
(−p,−q) ,
α
′′
(p, q) = −α
′′
(q, p)
(III.8)
for any p, q ∈ Rm. In appendix A it is shown that (III.8) and ∂α
′′
= 0 give hand an element of
C1(Rm), say β, which α
′′
= ∂β. In fact, α
′′
is a coboundary and thus; α ∼ α
′
.
Now we are ready to show that α is commutative if and only if α is a coboundary. As mentioned
above the only if part is obvious, so it is sufficient to prove the if term. According to appendix A, to
prove this fact, it is enough to show that α
′
is also a coboundary provided α is commutative. Using
(II.13) for commutative α, (III.4) leads to;
α
′
(p, q) =
1
2
(α(0, q) − α(0, p) + α(0, p − q)) =
1
2
∂α0(p, q) , (III.9)
for α0(p) = α(0, p) ∈ C
1(Rm) and for any p, q ∈ Rm. This shows that α1 ∼ α2 if and only if α1 − α2
is commutative. Consequently:
Theorem 1; H2α(R
m) classifies the translation-invariant star products on Sc,1(Rm) modulo the
commutative ones.
As an example the Groenewold-Moyal product, ⋆G−M , and the Wick-Voros produc-
tion, ⋆W−V , are respectively generated by 2-cocycles αG−M (p, q) = iq
µθA µνp
ν and
αW−V (p, q) = αG−M (p, q) + q
µθS µν(p − q)
ν , with p, q ∈ Rm, for θS (θA) a fixed (anti-) sym-
metric real matrix. It is clear that αG−M and αW−V differ in a commutative generator. Therefore,
αG−M and αW−V are α-cohomologous and belong to the same class of H
2
α(R
m), commonly denoted
by [αG−M ].
IV. THE HODGE THEOREM IN α-COHOMOLOGY
In (III.4) one corresponds to each 2-cocycle α an α-cohomologous element α
′
with property
α
′
(p, q) = α
′
(−p,−q) , (IV.1)
for any p, q ∈ Rm. It can also be seen that
α(p, q) = α−(p, q) + α+(p, q) (IV.2)
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with
α−(p, q) :=
1
2(α(p, q) − α(−p, q − p)) ,
α+(p, q) :=
1
2(α(p, q) + α(−p, q − p)) ,
(IV.3)
defines another such correspondence for 2-cocycle α. By (II.13) it can be seen that α+ =
1
2∂α0, for
α0 the 1-cochain defined in (III.9), and thus α and α− define two α-cohomologous 2-cocycles. In fact,
α− satisfies the condition
α−(p, q) = −α−(−p, q − p) , (IV.4)
for any p, q ∈ Rm. Therefore, according to (III.4) and (IV.2), one can correspond to each 2-cocycle α
an α-cohomologous element α
′
− := (α
′
)− = (α−)
′
with
α
′
−(p, q) = α
′
−(−p,−q) = −α
′
−(−p, q − p) . (IV.5)
It is claimed that such correspondence is unique. That is for any cohomology class [α] ∈ H2α(R
m)
there is a unique element, α
′
− ∈ [α], satisfying (IV.5). This can be considered as the Hodge theorem
[45] for α-cohomology classes of H2α(R
m), since then any given 2-cocycle α can be uniquely decomposed
to: α = α
′
− + ∂β, for unique α
′
− satisfying (IV.5) and unique coboundary term ∂β. Indeed α
′
− is the
unique solution of
∆α(p, q) := α(0, q) − α(0, p) + α(0, p − q) + α(p, q) + α(p, p − q) = 0 , (IV.6)
p, q ∈ Rm, in [α] ∈ H2α(R
m). Here ∆ can be considered as a Laplace-Beltrami operator on the cochain
C2(Rm) of complex (III.3). Therefore, α
′
− is called the harmonic element or the harmonic form of [α].
Similarly a harmonic translation-invariant product is a translation-invariant product generated by a
harmonic form. A collection of manipulations shows that
α
′
−(p, q) =
1
2
(α(p + q, q)− α(p + q, p)) , (IV.7)
which can be checked directly by (IV.5) with considering the uniqueness of such elements in each
α-cohomology class. More precisely, for any given 2-cocycle α its α-cohomologous harmonic form can
be directly calculated from (IV.7). Moreover it is not difficult to see that
α
′
−(p+ nq, q) = α
′
−(p, q) , (IV.8)
for any p, q ∈ Rm and for any n ∈ Z. Equations (IV.7) and (IV.8) will be proven directly in section
VIII. To prove the Hodge theorem for α-cohomology classes consider two α-cohomologous harmonic
2-cocycles α1 and α2. It is enough to show that; α1 = α2. To see this let ∂β = α1 − α2 for some
β ∈ C1(Rm). Thus for any p, q ∈ Rm, (IV.5) leads to;
β(−q)− β(−p) + β(q − p) = −(β(q − p)− β(−p) + β(−q)) , (IV.9)
and hence; ∂β = 0. This proves the claim. According to (IV.5), (II.11) and (II.13), any harmonic
form α of an α-cohomology class, obeys the properties of;
α(p, q) = −α(p, p− q)
α(p, q) = α(−p,−q) ,
α(p, q) = −α(q, p)
(IV.10)
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for any p, q ∈ Rm. Therefore, we have just proven the following theorem;
Theorem 2; Any given 2-cocycle α can be uniquely decomposed to α = αH + ∂β, where αH ,
the harmonic form, is the unique element of α-cohomology class [α] which satisfies the conditions
(IV.10).
In the following this theorem will be referred to as the Hodge theorem for α-cohomology. The most
important property of harmonic forms is cleared in integration of star product of functions. In fact,
it can be shown that for ⋆, a harmonic translation-invariant product, one finds that;∫
Rm
f ⋆ g =
∫
Rm
fg (IV.11)
for any f, g ∈ Sc(Rm). To see this note that;∫
Rm
f ⋆ g =
∫
dmp
(2π)m
dmxf˜(p)g˜(−p)eα(0,p) =
∫
Rm
fg (IV.12)
for f, g ∈ Sc(Rm), since α(0, p) = 0, p ∈ Rm, for any harmonic form α due to (II.8) and (IV.10). For
instance by considering (IV.10) it easy to see that αG−M is the harmonic form of α-cohomology class
[αG−M ] and thus ⋆G−M satisfies the condition (IV.12).
V. α∗-COHOMOLOGY FOR COMPLEX TRANSLATION-INVARIANT PRODUCTS
The other prominent property of harmonic forms is cleared in the setting of α∗-cohomology theory.
α∗-cohomology is defined by complex;
0 = C0∗(R
m)
∂0
−→ C1∗(R
m)
∂1
−→ ...
∂n−1
−→ Cn∗ (R
m)
∂n
−→ ... (V.1)
where Cn∗ (R
m) is the cochain of elements f ∈ Cn(Rm), with property
f∗(p1, ..., pn) = f(−p1, pn − p1, pn−1 − p1, ..., p2 − p1) , (V.2)
for f∗ the complex conjugate of f and for any collection of p1, ..., pn ∈ Rm. The elements of Ker∂n
and Im∂n−1 in complex (V.1) are respectively called complex n-cocycles and complex n-coboundaries.
Conventionally Hnα∗(R
m) is used for the nth cohomology group of complex (V.1), or more precisely
for the nth α∗-cohomology group. Moreover, it can be easily shown that the complex inclusion map
∂0 ∂1 ∂n−1 ∂n
0 = C0∗(R
m) −→ C1∗(R
m) −→ ... −→ 0 = Cn∗ (R
m) −→ ...
i0 ↓ ∂0 i1 ↓ ∂1 ... ∂n−1 in ↓ ∂n ...
0 = C0(Rm) −→ C1(Rm) −→ ... −→ Cn(Rm) −→ ...
(V.3)
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for inclusions in : C
n
∗ (R
m)→ Cn(Rm), leads to a family of inclusions of cohomology groups;
in∗ : H
n
α∗(R
m) →֒ Hnα(R
m) . (V.4)
Consequently, the nth group of α∗-cohomology, Hnα∗(R
m), is a subgroup of the nth group of α-
cohomology, Hnα(R
m). Therefore, it seems that by studying the α∗-cohomology we focus our attention
to a special kind of star products. In fact, by this restriction we are looking for those star products
which obey the following property;
(f ⋆ g)∗ = g∗ ⋆ f∗ , (V.5)
for any f, g ∈ Sc,1(Rm). Such multiplications are mostly referred to as complex products or involution
structures. Since from the view points of Lagrangian formalism the action must be a real number,
complex products are the only suitable multiplications in order to be used in quantum physics, where
the fields can be imaginary in general. Therefore, as it will be cleared in the following, to illuminate
the quantum features of translation-invariant star products, studying the theory of α∗-cohomology
comes more effective.
To see this fact recall that according to (V.2) any complex 2-cocycle α satisfies the condition
α∗(p, q) = α(−p, q − p) , (V.6)
for any p, q ∈ Rm. On the other hand, it can also be seen that the generator of any complex translation-
invariant star product satisfies the condition (V.6). Thus, the group H2α∗(R
m) classifies complex
translation-invariant deformations of Sc,1(Rm) up to commutative complex products. Moreover, since;
∂nf
∗ = ±(∂nf)
∗, and f∗ ∈ Cn∗ (R
m) for any f ∈ Cn∗ (R
m), then α∗ ∈ C2∗(R
m) is a complex 2-cocycle
when α is a complex 2-cocycle. Therefore, to any α∗-cohomology class, say [α] ∈ H2α∗(R
m), one can
correspond a conjugate α∗-cohomology class by [α∗]. The condition (V.6) together with (II.13) asserts
that if [α] belongs to H2α∗(R
m) ⊆ H2α(R
m), then [α∗] is the dual of [α] in the sense of;
[α] + [α∗] = 0 . (V.7)
This is the pure imaginary condition for α-cohomology classes. On the other hand, since we have
α
′
−
∗
(p, q) = α
′
−(−p, q−p) for any α ∈ C
2
∗(R
m) and for any p, q ∈ Rm, it is seen that the Hodge theorem
is also true for H2α∗(R
m), and therefore any harmonic form α of an α∗-cohomology class of H2α∗(R
m),
is pure imaginary;
α∗ = −α . (V.8)
Indeed, since we have α
′
−
∗
= −α
′
− for α a complex 2-cocycle of C
2
∗(R
m), then (V.8) follows directly.
Conversely, by using the complex conjugate of (IV.10), it can be seen that any harmonic form α
defines an α∗-cohomology class in H2α∗(R
m), if it is pure imaginary. Consequently, this asserts that
H2α∗(R
m) is the collection of all pure imaginary classes of H2α(R
m). Moreover, (IV.10) says that α is a
harmonic form if and only if α∗ is harmonic. Therefore, by replacing α with 1/2(α+α∗)+1/2(α−α∗),
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one finds; dim H2α(R
m) = 2 dim H2α∗(R
m). Actually, the decomposition of α = Re(α) + iIm(α) for
any harmonic 2-cocycle α of C2(Rm) shows that;
Theorem 3; H2α(R
m) = H2α∗(R
m)
⊗
RC. More precisely, H
2
α∗(R
m) consists of all pure imaginary
elements of H2α(R
m).
For instance, 2-cocycles αG−M and αW−V both satisfy the condition (V.6) and consequently
define two complex translation-invariant products on Sc,1(Rm). Moreover, since αG−M is a harmonic
complex 2-cocycle, then it must be pure imaginary due to (V.8).
It would be interesting to study the role of the second group of α∗-cohomology in classifying the
algebraic complex structures on Sc,1(Rm) due to translation-invariant products. By definition two
complex translation-invariant products ⋆1 and ⋆2 are equivalent, and then we write ⋆1 ∼ ⋆2, if there
exists an invertible complex translation-invariant linear map T : Sc,1(Rm) → Sc,1(Rm) such that for
any two elements f, g ∈ Sc,1(Rm);
T (f ⋆1 g) = T (f) ⋆2 T (g) . (V.9)
Strictly speaking T is an algebra isomorphism from Sc,1(Rm)⋆1 to Sc,1(R
m)⋆2 with T (f
∗) = T (f)∗
and T (∂µf) = ∂µT (f) for f ∈ Sc,1(Rm) and 1 ≤ µ ≤ m. It can be shown that ⋆1 ∼ ⋆2 if and only if
α1 ∼ α2. To see this, according to (V.9) assume that ⋆1 ∼ ⋆2 with T = e
△ for△ a translation-invariant
differential operator with respect to coordinate functions xµ, 1 ≤ µ ≤ m. Thus, using integration by
part one can show that;
T˜ (f)(p) =
∫
dmxe−ip.xe△f = e△˜(p)f˜(p) , (V.10)
for any p, q ∈ Rm and for any f ∈ Sc,1(Rm).
Since T is an algebra isomorphism then; T (1) = 1, and consequently it can be seen that; △˜(0) = 0.
On the other hand, T is complex, i.e.; T (f∗) = T (f)∗ for any f ∈ Sc,1(Rm), therefore one finds;
△˜∗(p) = △˜(−p). Hence; △˜ ∈ C1∗(R
m). Now one can compute;
(T (f) ⋆2 T (g))(x)
=
∫ dmp
(2π)m
dmq
(2π)m
˜T (f)(q) T˜ (g)(p− q) eα2(p,q) eip.x
=
∫ dmp
(2π)m
dmq
(2π)m f˜(q) g˜(p− q) e
α2(p,q)+△˜(q)+△˜(p−q) eip.x
=
∫ dmp
(2π)m
dmq
(2π)m f˜(q) g˜(p − q) e
α2(p,q)+∂△˜(p,q)+△˜(p) eip.x
=
∫ dmp
(2π)m
˜T (f ⋆ g)(p) eip.x
= T (f ⋆ g)(x)
(V.11)
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for any f, g ∈ Sc,1(Rm), and for ⋆ the translation-invariant product generated by α2 + ∂△˜. Thus
(V.9) asserts that; α1 = α2 + ∂△˜, and consequently; α1 ∼ α2. Now, for the converse assume that
α1 = α2 + ∂△˜ for ∂△˜ ∈ C
1
∗(R
m). By (V.9) and (V.11) it is enough to define; T := e△. This shows
that H2α∗(R
m) classifies all *-algebraic (complex) translation-invariant structures of Sc,1(Rm) up to
isomorphism. Generally by forgetting the complex structures it can be similarly shown that H2α(R
m)
also classifies all the algebraic structures of Sc,1(Rm) due to translation-invariant products up to
isomorphism. Therefore, we have just shown that;
Theorem 4; Two (complex) translation-invariant star products are equivalent if and only if their
generators are (α∗-) α-cohomologous. More precisely, (H2α∗(R
m)) H2α(R
m) classifies all (*-) algebraic
translation-invariant structures of Sc,1(Rm) up to isomorphism.
VI. CLASSIFICATION OF TRANSLATION-INVARIANT QUANTUM FIELD THEORIES
To study the complex translation-invariant products more exhaustively, their role should be dis-
cussed during the standard loop calculations for general translation-invariant non-commutative quan-
tum field theories. It can be seen that the α∗-cohomology class of a complex translation-invariant
product α, solely describes the UV/IR mixing behavior of translation-invariant φ4⋆-theory [30] up to
one loop corrections. Actually, the non-planar corrections to 2-point function in φ4⋆-theory on R
4 at
one-loop level are given by; ∫
d4q
(2π)4
e−α(0,p)+ωα(p,q)
(p2 −m2)2 (q2 −m2)
, (VI.1)
p ∈ R4, with;
ωα(p, q) := α(p + q, p)− α(p + q, q) (VI.2)
for any p, q ∈ R4. It is easily seen by (II.14) that ωα = 0 if and only if α is commutative. This lets one
to define ω on classes of H2α∗(R
m). More strictly, according to (IV.7) ωα is −2 times of α
′
−. In fact,
defining ω on H2α∗(R
m) classifies the UV/IR mixing of translation-invariant φ4⋆-theory at one loop
corrections. It is also known [33] that such classification comes true in all finite orders of perturbation
for 2- and 4-point functions.
In the following, using the concept of harmonic forms, a simple non-perturbative proof is given for
the possibility of classifying the quantum behaviors of translation-invariant non-commutative quantum
field theories by means of α∗-cohomology. It is seen that our proof is exact; i.e. it includes all loop
corrections and all n-point functions. To see this, consider two different versions of an arbitrary
quantum field theory due to two equivalent translation-invariant complex products ⋆1 and ⋆2. Assume
that the theory contains n fields {φi}
n
i=1. Consider the most general interacting action;
Sint⋆ =
∫
Rm
φi1,(µi1 )...φik ,(µik )
, (VI.3)
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where φ,(µ) = ∂(µ)φ for multi-index (µ). The star product ⋆ in (VI.3) stands for ⋆1 and ⋆2, accordingly.
For the case of ⋆ = ⋆1, the interaction term (VI.3) can be rewritten in the phase space with;
Sint⋆1 =
∫ k∏
j=1
dmpj
(2π)m
p1(µi1 )
φ˜i1(p
1) ... pk(µik )
φ˜ik(p
k) V k⋆1(p
1, ..., pk) δ(m) (
k∑
j=1
pj) (VI.4)
for
V k⋆ (p
1, ..., pk) = e
∑k
i=2 α(
∑i
j=1 p
j ,
∑i−1
j=1 p
j) (VI.5)
the non-commutative vertex for translation-invariant star product ⋆ generated by α. According to
(V.10), the redefinition of φ
′
i = e
δ φi, i = 1, ..., n, gives S
int
⋆1
in terms of V k⋆2 with;
Sint⋆1 =
∫ k∏
j=1
dmpj
(2π)m
p1(µi1 )
φ˜
′
i1
(p1) ... pk(µik )
φ˜
′
ik
(pk) V k⋆2(p
1, ..., pk) δ(m) (
k∑
j=1
pj) . (VI.6)
More precisely;
Sint⋆1 (φ1, ..., φn) = S
int
φ2
(φ
′
1, ..., φ
′
n) . (VI.7)
Thus, it is enough to show that the propagators of φ
′
is, i = 1, ..., n, are also given in terms of α2,
the generator of ⋆2. It is not hard to see that without loss of generality one can restrict the issue
to scalar or Klein-Gordon like fields. For vector and spinor fields the same result can be deduced
similarly. Here, for a while we restrict ourselves to scalar Klein-Gordon like fields, and then we will
back soon to the general case. For Klein-Gordon like fields the propagator G˜φ⋆1 for the quantum field
φ is given by
Ξ˜φ⋆1(p) G˜
φ
⋆1(p) = 1 (VI.8)
for
S0⋆1 =
n∑
i=1
∫
dmp
(2π)m
1
2
φ˜i(p) φ˜i(−p) Ξ˜i⋆1(p) (VI.9)
the free part of the action. Moreover it can be seen that;
Ξ˜i⋆(p) = Ξ˜
i (p) eα(0,p) , (VI.10)
for p ∈ Rm, i = 1, ..., n, and for translation-invariant star product ⋆ generated by α. We note that Ξ˜φ
is the Fourier transform of Laplacian operator for the standard Klein-Gordon filed φ. One can assume
this situation for simplicity. It can be seen that replacing φ by φ
′
leads to
S0⋆1 =
n∑
i=1
∫
dmp
(2π)m
1
2
φ˜
′
i(p) φ˜
′
i(−p) Ξ˜
i
⋆2
(p) . (VI.11)
For general kinds of quantum fields such as spinors and vectors, propagators and differential op-
erators Ξ may have two different indices, provided different fields are coupled in the free action, and
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consequently the factor of 12 disappears from (VI.9) in such situations. However, in general for any
given quantum field theory one finds that;
S0⋆1(φ1, ..., φn) = S
0
⋆2
(φ
′
1, ..., φ
′
n) , (VI.12)
and hence for equivalent star products ⋆1 and ⋆2;
˜
G
φi,φj
⋆1 =
˜
G
φ
′
i,φ
′
j
⋆2 , (VI.13)
where
˜
G
φi,φj
⋆ is the propagator of fields φi and φj , i, j = 1, ..., n, for star product ⋆. It is seen that
for a fixed quantum field theory, two its different non-commutative copies with two α∗-cohomologous
complex translation-invariant star products ⋆1 and ⋆2, substantially define the same physics. More
precisely, moving through an α∗-cohomology class of H2α∗(R
m), produces no new physics. As a direct
corollary the Wick-Voros non-commutative field theories, have no new quantum behaviors in compare
with the Groenewold-Moyal ones. Therefore, all abnormal effects of Wick-Voros non-commutative
field theories such as UV/IR mixing, non-locality and consequently non-renormalizability, coincide
exactly with those of Groenewold-Moyal ones. Consequently, it would be naturally expected that
the Grosse-Wulkenhaar approach [27, 28] and the method of 1/p2 [29] also work properly for
renormalizing φ4⋆V−W -theory. Moreover, for an interesting result we see that any translation-invariant
version of φ4-theory (gauge theory) with a commutative star product is local, causal, unitary, and
renormalizable. In fact, we have the following theorem;
Theorem 5; Any two translation-invariant (non-commutative) versions of a quantum field theory
with equivalent star products coincide in all their quantum behaviors, such as for locality, causality,
unitarity, renormalizability, UV/IR behaviors, the structures of Green’s functions singularities, and
consequently the scattering matrix.
As it was stated above, the structures of 2- and 4-point functions of a translation-invariant φ4⋆-
theory are described by ω as a character of the α∗-cohomology class of its star product up to finite
orders of loop calculations. In fact, as mentioned above for any given complex 2-cocycle α, one finds;
ωα(p, q) = −2αH(p, q), for αH the harmonic form of [α] ∈ H
2
α∗(R
m). Thus;
ωα(p, q) = 2αH(q, p) . (VI.14)
Strictly speaking, ω is essentially nothing more than the harmonic form and particularly gives no
more information about α∗-cohomology classes rather than harmonic elements.
It can be precisely shown that in all orders of loop calculations the quantum corrections for any
translation-invariant quantum field theory are thoroughly described only by ω (the harmonic form) but
no more characters of the α∗-cohomology classes. To see this, at the first step it must be shown that
the complex translation-invariant products described by coboundaries affect the Feynman diagrams
amplitudes only in an exponential factor of external momenta. Indeed, it can be seen by induction
that;
n∑
i=2
∂β(
i∑
j=1
pj,
i−1∑
j=1
pj) =
n∑
i=1
β(pi)− β(
n∑
i=1
pi) , (VI.15)
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for any β ∈ C1∗(R
m), and for any collection of p1, ..., pn ∈ Rm. Therefore, by momentum conserva-
tion law at vertices, the non-commutative vertex (VI.5) for complex translation-invariant product ⋆
generated by ∂β is
V k⋆ (p
1, ..., pk) = e
∑k
i=1 β(p
i) . (VI.16)
On the other hand, the star product factor of propagators is;
e−∂β(0,p) = e−β(p)−β(−p) , (VI.17)
p ∈ Rm. This cancels the relevant exponential factors of initial and final vertices. Therefore, (VI.17)
together with (VI.16) cancels out all the internal momenta dependent factors and keeps only the
exponential factors of external momenta.
Therefore, if α1 = α2+∂β, then the amplitudes of a fixed Feynman diagram for star products ⋆1 and
⋆2, respectively generated by α1 and α2, coincide up to a factor of external momenta. This achievement
lets one to study the role of complex translation-invariant star products in loop calculations only for
harmonic forms. On the other hand, since α(0, p) = 0, p ∈ Rm, for harmonic form α, then there
is no nontrivial star product factor for the propagators. Moreover, by (VI.5) and (VI.14) the non-
commutative vertex is;
V k⋆ (p
1, , pk) = e
∑k−1
i=1
1
2
ωα(
∑i
j=1 p
j ,pi+1) , (VI.18)
for ⋆ a translation-invariant star product generated by α. This shows that the quantum corrections of
translation-invariant quantum field theories not only are described thoroughly by the α∗-cohomology
classes of star products, but they are precisely explained by ω or the harmonic forms of α∗-cohomology
classes due to the Hodge theorem. Therefore, we conclude that;
Theorem 6; The regularization methods of a translation-invariant (non-commutative) quantum
field theory work properly for all its other translation-invariant (non-commutative) versions with equiv-
alent star products. Moreover, such regularization methods are thoroughly reflected by the generator
of equivalent harmonic star product.
VII. THE ORIGIN OF α∗-COHOMOLOGY AND THE QUANTUM EQUIVALENCE
THEOREM
More than the algebraic approach of α∗-cohomology as a classifying program, there can be defined
other classification methods for translation-invariant quantum field theories. From the viewpoints
of quantum physics the most primitive equivalence relation for two deformation quantization star
products ⋆1 and ⋆2 is the equality under integration. We refer to this concept by equivalence under
integration. More precisely, two star products ⋆1 and ⋆2 are called to be n-equivalent under integration,
if and only if for any 1 ≤ k ≤ n and for any set of f1, ..., fk ∈ Sc(Rm);∫
Rm
f1 ⋆1 ... ⋆1 fk =
∫
Rm
f1 ⋆2 ... ⋆2 fk . (VII.1)
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But it can be easily seen that in the case of translation-invariant star products, if ⋆1 and ⋆2
are n-equivalent under integration for n ≥ 3, then ⋆1 = ⋆2. Thus, since the interaction term in
Lagrangian densities includes at least 3 quantum fields, then, from Lagrangian formalism points of
view the equivalence under integration leads to a trivial classification of translation-invariant quantum
field theories. Therefore, to have a more general classification, one should appropriately weaken the
equivalence relation of (VII.1). The most general idea is to set two translation-invariant star products
⋆1 and ⋆2 in an equivalence class if and only if they lead to the same scattering matrix for any
given (renormalizable) quantum field theory. We refer to this meaning of classification by quantum
equivalence. Indeed, due to the LSZ formula for scattering matrix, if two translation-invariant star
products ⋆1 and ⋆2 are quantum equivalent, then for any fixed given quantum field theory including
fields {φi}
k
i=1, two translation-invariant non-commutative versions with star products ⋆1 and ⋆2, lead
to the following equalities for all connected n-point functions;
〈φ˜i1(p1)...φ˜in(pn)〉⋆1 = e
βi1 (p1)...eβin (pn) 〈φ˜i1(p1)...φ˜in(pn)〉⋆2 , (VII.2)
p1, ..., pn ∈ Rm, for all n ≥ 1 and for field dependent smooth functions {βi}ki=1. But, since the types
of quantum fields are unimportant for star products, one should set; β1 = ... = βk = β. Therefore,
(VII.2) can be written in the following form;∫
φi1 ...φik
eiS⋆1 φ˜i1(p1) ... φ˜ik(pn)∫
φi1 ...φik
eiS⋆1
= e
∑n
i=1 β(pi)
∫
φi1 ...φik
eiS⋆2 φ˜i1(p1) ... φ˜ik(pn)∫
φi1 ...φik
eiS⋆2
. (VII.3)
By using the transformation φ˜i(p)→ e
β(p) φ˜i(p) in the left hand side of (VII.3), it would be clear
that this equality holds if and only if for any n ≥ 1, and for any set of f1, ..., fn ∈ Sc(Rm), one finds;∫
Rm
f
′
1 ⋆1 ... ⋆1 f
′
n =
∫
Rm
f1 ⋆2 ... ⋆2 fn , (VII.4)
where;
f
′
(x) =
∫
dmp
(2π)m
eip.x f˜(p) eβ(p) , (VII.5)
f ∈ Sc,1(Rm). By this, (VII.4) can be considered as the most appropriate general form for (VII.1).
Quantum equivalence, i.e. equation (VII.4), should be studied step by step. For n = 1, 2, 3, (VII.4)
respectively leads to;
β(0) = 0 , (VII.6)
α1(0, p) + β(−p) + β(p) = α2(0, p) , (VII.7)
p ∈ Rm, and;
α1(0,−p − q) + α1(p + q, p) + β(p) + β(q) + β(−p− q) = α2(0,−p − q) + α2(p+ q, p) , (VII.8)
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p, q ∈ Rm for α1 and α2 respectively the generators of ⋆1 and ⋆2. Equation (VII.6) asserts that;
β ∈ C1(Rm), while combining (VII.7) and (VII.8) results in:
α1 + ∂β = α2 . (VII.9)
On the other hand, since ⋆1 and ⋆2 are associative, then; ∂α1 = ∂α2 = 0. It is now obvious that
quantum equivalence leads naturally to α-cohomology. Moreover, if one imposes the complexity struc-
ture (V.6), quantum equivalence would strictly be considered as the original root for α∗-cohomology.
In fact, it has been proven that translation-invariant star products ⋆1 and ⋆2, respectively generated
by 2-cocycles α1 and α2, lead to the same physics if α1 and α2 are α
∗-cohomologous. Actually this
fact is the inverse to what we stated in theorem 5. Therefore, we have just shown;
Theorem 7; Two complex translation-invariant star products ⋆1 and ⋆2 are equivalent if and only
if there exists a fixed β ∈ C∞(Rm), with β(0) = 0, such that for any n ≥ 1, the equality
˜G⋆1 conn.(p1, ..., pn) = e
∑n
i=1 β(pi) ˜G⋆2 conn.(p1, ..., pn) (VII.10)
holds for any given (renormalizable) quantum field theory, where Gconn. is any connected n-point
function, G⋆ conn. is its non-commutative version for the star product ⋆ and G˜⋆ conn.(p1, ..., pn) is its
Fourier transform for the modes {pi}
n
i=1. Therefore, α
∗-cohomology produces the most general setting
for classification of translation-invariant quantum field theories via the view points of quantum physics.
From now on this theorem is referred to as the quantum equivalence theorem. Using the LSZ
formula the second version of the quantum equivalence theorem will be trivial:
Theorem 8; Two complex translation-invariant star products ⋆1 and ⋆2 are equivalent if and only if
for any given (renormalizable) quantum field theory, its two translation-invariant (non-commutative)
versions with ⋆1 and ⋆2 have the same scattering matrix.
VIII. ALGEBRAIC STRUCTURES OF TRANSLATION-INVARIANT PRODUCTS
Using (VI.2) and the properties of harmonic forms in (IV.10) one finds that;
ω(p, q) = −ω(q, p)
ω(p, q) = ω(−p,−q) ,
ω(p, 0) = 0
(VIII.1)
for any p, q ∈ Rm.
On the other hand, (II.7) asserts that (VI.2) can be written in the form of;
ωα(p, q) = α(p, p− q)− α(p, q) = ωα(p− q, q) , (VIII.2)
and consequently;
ω(p, q) = ω(p+ nq, q) (VIII.3)
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for any n ∈ Z. The property (VIII.3) together with (VI.14), proves (IV.7) by (VI.2). Thus, ω satisfies
the associativity condition of (II.7). This consequently confirms the cohomological description of loop
calculations in translation-invariant field theories. On the other hand, again by uniqueness of harmonic
elements, (VIII.3) and (VI.14) lead to (IV.8). Moreover, by (VIII.1) and (VIII.3) it is seen that;
ω(p, q) = −ω(p,−q) , (VIII.4)
and thus; αH(p, q) = −αH(p,−q).
In appendix B it is shown that, (VIII.3) leads to
ω(rp, p) = 0 , (VIII.5)
for any r ∈ Q, and thus by continuity of ω;
ω(rp, p) = 0 , (VIII.6)
for any r ∈ R.
It should be noted that the proof of equalities (VIII.3), (VIII.4) and (VIII.6) need no use of
complexity condition due to (V.6). Therefore, all these equalities hold for any general harmonic form
of H2α(R
m), by replacing ω with αH .
What we are looking for is a simple criteria to distinguish two equivalent star products. To answer
this question, a natural approach is to extend the domain of star products to the algebra of polynomials
generated by {xµ}mµ=1. This leads to non-commutative structures of space-time manifold. More
precisely, the non-commutative structure of space-time due to star product ⋆ generated by α is given
by;
[xµ, xν ]⋆ = x
µ ⋆ xν − xµ ⋆ xν =
∂2α
∂z1ν∂z
2
µ
(0, 0) −
∂2α
∂z1µ∂z
2
ν
(0, 0) , (VIII.7)
for the coordinate functions {z1µ, z
2
µ}
m
µ=1 for R
m × Rm dual to {xµ}mµ=1 due to the Fourier transform.
It can be seen that if ⋆ is commutative, i.e.; α = ∂β, for 1-cochain β, then;
[xµ, xν ]⋆ = 0 , (VIII.8)
µ, ν = 1, ...,m. Equality (VIII.8) shows that the non-commutative structure of space-time is particu-
larly given by the α-cohomology class of the 2-cocycle. Actually if ⋆1 ∼ ⋆2 then;
[xµ, xν ]⋆1 = [x
µ, xν ]⋆2 , (VIII.9)
µ, ν = 1, ...,m. This leads to a well-defined map which corresponds to any α-cohomology class a
non-commutative structure of space-time. Although using different forms of Groenewold-Moyal star
products clears the surjectivity of this map, but its injectivity is not clear at all (see [46]). Therefore,
to give a more effective criteria for equivalent translation-invariant star products the domain of star
products should be extended to Fourier modes, and then, the commutation relations of Fourier modes
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for such star products should be studied. Consider a 2-cocycle α and its star product ⋆. It is easy to
see that;
[eip.x, eiq.x]⋆ = (e
αH (p+q,p) − e−αH (p+q,p)) e∂β(p+q,p) ei(p+q).x , (VIII.10)
p, q ∈ Rm, with α = αH + ∂β due to the Hodge theorem. Thus, for two α-cohomologous 2-cocycles α1
and α2 with α1 = α2 + ∂β, and for any p, q ∈ Rm, one finds;
[eip.x, eiq.x]⋆1 = e
∂β(p+q,p) [eip.x, eiq.x]⋆2 . (VIII.11)
Therefore, α-cohomology classes reveal the non-commutative structure of space-time up to an
exponential factor for a coboundary term. Conversely, it can be seen that if star products ⋆1 and
⋆2 satisfy condition (VIII.11) for all Fourier modes and for a smooth function β with β(0) = 0, then
⋆1 ∼ ⋆2. To see this fact, consider two translation-invariant star products ⋆1 and ⋆2 which satisfy
(VIII.11) for some 1-cochain β. Therefore;
(eα
1
H
(p+q,p) − e−α
1
H
(p+q,p)) = (eα
2
H
(p+q,p) − e−α
2
H
(p+q,p)) e∂γ(p+q,p) , (VIII.12)
p, q ∈ Rm, for γ = β + β2 − β1, where αi = αiH + ∂β
i, is the generator of ⋆i, i = 1, 2.
By (IV.10), eα
i
H (p+q,p) − e−α
i
H (p+q,p), i = 1, 2, are anti-symmetric for exchange of p⇋ p+ q. Thus;
∂γ(p + q, p) = ∂γ(p, p + q), for any p, q ∈ Rm. Setting p = 0, one finds that γ(q) = −γ(−q), for any
q ∈ Rm. Therefore, we have; ∂γ = 0, which by (VIII.12) and (IV.8) leads to;
eα
1
H (p,q) − e−α
1
H (p,q) = eα
2
H (p,q) − e−α
2
H (p,q) , (VIII.13)
for any p, q ∈ Rm. Then, one has either eα
1
H (p,q) = eα
2
H (p,q) or eα
1
H (p,q)+α
2
H (p,q) = −1. The former
is equivalent to α1H = α
2
H near the origin, but the later can also be satisfied when α
1
H 6= α
2
H . In
appendix C, it is shown that α1H 6= α
2
H and (VIII.6) lead to a contradiction. Thus, one finds that
α1H = α
2
H and consequently; ⋆1 ∼ ⋆2. This proves that;
Theorem 9; Two translation-invariant star products ⋆1 and ⋆2 are equivalent if and only if there
exists a fixed 1-cochain β such that the equality (VIII.11) holds for any p, q ∈ Rm.
IX. CONCLUSIONS
In this article, translation-invariant star product was discussed in the setting of α-cohomology.
It was explicitly shown that the second α-cohomology group classifies translation-invariant star
products up to commutative products. Then α∗-cohomology as a sub-theory of α-cohomology defined
to classify complex translation-invariant star products. Moreover, an algebraic version of Hodge
theorem was derived for the second α-cohomology group which led to the definition of harmonic
translation-invariant products, the unique elements of α-cohomology classes with some special
properties. It was also shown that the loop calculation in any translation-invariant non-commutative
quantum field theory is thoroughly described by the α∗-cohomology class of its star product. In fact,
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it was seen that moving through an α∗-cohomology class produces no new physics. This showed
that the harmonic translation-invariant products due to the Hodge theorem, play a crucial role in
studding the physics of translation-invariant quantum field theories. Conversely, it was precisely
shown that the inverse conclusion is also true, i.e.; if two complex translation-invariant star products
⋆1 and ⋆2 lead to the same physics for any given quantum field theory, then their relevant generators
are α∗-cohomologous. Finally, it was discussed that α∗-cohomology is essentially the most general
classification for translation-invariant versions of quantum field theories. These results guided us to
the quantum equivalence theorem which asserts that two star products ⋆1 and ⋆2 are equivalent if
and only if for any given (renormalizable) quantum field theory they lead to the same scattering
matrix when are replaced with the ordinary product.
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XI. APPENDICES
Appendix A:
In this appendix, it is shown that α ∈ C2(Rm) is a coboundary if;
∂α = 0
α(p, q) = α(p, p − q)
α(p, q) = −α(−p,−q)
α(p, q) = −α(q, p)
. (A.1)
for any p, q ∈ Rm. To this end initially, choose the coordinate system of;{
w = p− q
z = q
. (A.2)
It can be shown that;
∂2α
∂zµ∂wν
(p, q) =
∂2α
∂qµ∂pν
(p, 0) (A.3)
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for any p, q ∈ Rm and for any 1 ≤ µ, ν ≤ m. Indeed;
∂2α
∂zµ∂wν
(p, q) =
∂2α
∂pµ∂pν
(p, q) +
∂2α
∂qµ∂pν
(p, q) =
d2
drds
|r=s=0 α(p + re
ν + seµ, q + seµ) , (A.4)
for {eµ}?mµ=1, the standard basis of R
m dual to coordinate functions {xµ}mµ=1 due to the Fourier
transform. Using (II.7) one finds that;
d2
drds
α(p + reν + seµ, q + seµ) =
d2
drds
(α(p + reν , q)− α(p + reν ,−seµ) + α(q,−seµ)) , (A.5)
and then (A.3) follows.
Therefore;
∂
∂qσ
∂2
∂zµ∂wν
α = 0 (A.6)
for any 1 ≤ µ, ν, σ ≤ m. In the other words, one finds that;
(
∂
∂zσ
−
∂
∂wσ
)
∂2
∂zµ∂wν
α = 0 . (A.7)
Now suppose that;
α(w, z) = f1(w) + f2(w, z) + f3(z) (A.8)
for f1, f2, f3 ∈ C
∞(Rm) such that;
f2(w, z) 6= g1(w) + g2(w, z) , f2(w, z) 6= h1(z) + h2(w, z) , (A.9)
g1, g2, h1, h2 ∈ C
∞(Rm), for non-constant g1 and h1. Thus (A.7) leads to;
(
∂
∂zσ
−
∂
∂wk
)
∂2
∂zµ∂wν
f2 = 0 . (A.10)
Now choose the coordinate system of {
η = z + w
ξ = z − w
. (A.11)
Therefore, by (A.10) and (A.11) one finds that;
∂
∂ξk
∂2
∂zµ∂wν
f2 = 0 . (A.12)
Consequently, we have;
∂2
∂zµ∂wν
f2(η, ξ) = hµν(η) . (A.13)
Then since
∂2
∂zµ∂wν
=
∂2
∂ηµ∂ην
−
∂2
∂ηµ∂ξν
+
∂2
∂ξµ∂ην
−
∂2
∂ξµ∂ξν
, (A.14)
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(A.13) lets one to set; f2(η, ξ) = g(η) + ξ
µgµ(η) + ξ
µξνgµν(η) , for some g, gµ, gµν ∈ C
∞(Rm), 1 ≤
µ, ν ≤ m. Therefore;
α(w, z) = f1(w) + g(z + w) + (z − w)
µgµ(z +w) + (z − w)
µ(z − w)νgµν(z + w) + f3(z) . (A.15)
Note that for the second property of (A.1) (the commutativity condition), then; α(w, z) = α(z, w).
This implies that;
(f3(w)− f1(w)) − (f3(z)− f1(z)) = 2(z − w)
µgµ(z + w) . (A.16)
Then, (ref A9) leads to;
gµ = 0 , f1 = f3 = f , (A.17)
µ = 1, ...,m. Therefore;
α(p, q) = f(q) + g(p) + (2q − p)µ(2q − p)νgµν(p) + f(p− q) , (A.18)
for any p, q ∈ Rm. Now by α(−p,−q) = α(q, p) one finds that;
f(−q) + g(−p) + (2q − p)µ(2q − p)νgµν(−p) = f(p) + g(q) + (2p − q)
µ(2p − q)νgµν(q) . (A.19)
Acting ∂2/∂pµ∂qν on both sides of (A.19) yields the following result:
4gµν(−p) + 4(2q − p)
σ ∂
∂pµ
gνσ(−p) = 4gµν(q)− 4(2p − q)
σ ∂
∂qν
gµσ(q) . (A.20)
Thus, one finds that;
pσ
∂
∂pµ
gνσ(p) = −p
σ ∂
∂pν
gµσ(p) . (A.21)
Acting ∂/∂qσ on both sides of (A.20) and using (A.21) one also finds that;
pσ
∂
∂pµ
gνσ(−p) =
1
2
pσ(2p − q)λ
∂2
∂qσ∂qν
gµλ(q) . (A.22)
Setting q = 2p, gives rise to;
pµ
∂
∂pµ
(gνσ(p)p
σ) = gνσ(p)p
σ . (A.23)
It can be seen that the solution of differential equation (A.23) results in:
gµν(p) = cµν ∈ C , (A.24)
µ, ν = 1, ...,m. Thus;
f2(w, z) = g(w + z)− 2w
µzνcµν + w
µwνcµν + z
µzνcµν , (A.25)
which according to (A.9) yields cµν = 0 for any µ and ν. Therefore;
f2(w, z) = g(w + z) . (A.26)
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Consequently, by (A.19) it follows that;
f(−q)− g(q) = f(p)− g(−p) , (A.27)
which results in;
g(p) = f(−p) + c0 , (A.28)
for any p ∈ Rm and for a complex number c0. Thus, according to (A.18) we have;
α(p, q) = f(q) + f(−p) + f(p− q) + c0 (A.29)
for any p, q ∈ Rm. But (II.8) and the third equality of (A.1) lead to;
f(−p) = −f(p) + c1 , (A.30)
for any p ∈ Rm and for c1 = −f(0)− c0. Therefore, (A.28) takes the following form;
α(p, q) = f(q)− f(p) + f(p− q) + c1 . (A.31)
Finally the fourth equality of (A.1), implies that c1 = 0 and eventually
α(p, q) = f(q)− f(p) + f(p− q) , (A.32)
for any p, q ∈ Rm. On the other hand, by (II.8) we have; f(0) = 0. Therefore, f ∈ C1(Rm) and
consequently according to (A.32); α = ∂f .
Appendix B
In this appendix, it is shown that (VIII.3) concretely leads to (VIII.5). To see this note that by
(VIII.3);
ω(p, p) = ω(np, p) = 0 , (B.1)
for any n ∈ Z. Then, the iterated form of (B.1) due to (VIII.3) would be
ω(Nkp,Nk−1p) = 0 , (B.2)
k ≥ 1, for recursive formulae;
Nk = nkNk−1 +Nk−2 , (B.3)
with nk ∈ Z, k ≥ 2, N0 = 1 and N1 = n1 ∈ Z. Clearly (B.2) can be rewritten in the form of
ω(
Nk
Nk−1
p, p) = 0 . (B.4)
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But according to (B.3) it can be seen that;
Nk
Nk−1
= nk +
1
nk−1 +
1
nk−2+
1
.. .n2+ 1n1
. (B.5)
On the other hand, it is known [47] that for any rational number r ∈ Q, there is a finite sequence
of integers ni, 1 ≤ i ≤ k, with nk ∈ Z and ni > 0 for 1 ≤ i < k, such that
r =
Nk
Nk−1
(B.6)
in accordance to (B.5). This together with (B.4) proves (VIII.5).
As mentioned in section VIII, the continuity of ω consequently leads to (VIII.6). On the other
hand, (VIII.6) shows that any translation-invariant product on Sc,1(R), is α-cohomologous to
the ordinary point-wise product and thus is commutative. In the other words, (VIII.6) results
in H2α(R) = 0, which shows that there is no translation-invariant non-commutative deformation
quantization on C∞(R).
Appendix C
In this appendix, it is shown that (VIII.13) and (VIII.6) lead to α1H = α
2
H . As it was stated above
(VIII.13) leads to either eα
1
H (p,q) = eα
2
H (p,q) or eα
1
H (p,q)+α
2
H (p,q) = −1, p, q ∈ Rm. It is claimed that
α1H and α
2
H coincide everywhere. To see this fact precisely, suppose that α
1
H 6= α
2
H over open set
V ⊆ Rm ×Rm. Thus, V breaks down into two possibly intersecting subsets; V = V1 ∪ V2, defined by:
For any (p, q) ∈ V1; e
α1
H
(p,q) = eα
2
H
(p,q), but:
Re(α1H) = Re(α
2
H) and Im(α
1
H) = Im(α
2
H) + 2kπ , (C.1)
for some non-zero fixed k ∈ Z over each connected component of V1 ⊆ V . On the other hand, for any
(p, q) ∈ V2; e
α1
H
(p,q)eα
2
H
(p,q) = −1, or;
Re(α1H) = −Re(α
2
H) and Im(α
1
H) + Im(α
2
H) = (2k + 1)π , (C.2)
for some fixed k ∈ Z over each connected component of V2.
Now, suppose that the interior of V2 \ V1 is not empty. Fix (p, q) ∈ int(V2 \ V1) and choose ǫ > 0
such that; Bǫ(p, q) ⊂ int(V2\V1), where Bǫ(p, q) is a ball with center (p, q) and radius ǫ. Thus for any
r ∈ Rm, with |r| < ǫ, (II.7) leads to;
Im(α(p, r)) = Im(α(q, r)) , (C.3)
for α = α1H + α
2
H . Choose N ∈ N such that |q| < Nǫ. Therefore;
Im(α(p, q/N)) = 0 , (C.4)
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since α(q, q/N) = 0 due to (VIII.6). Now by (II.7), (C.3) and (C.4) it is seen that;
Im(α(p − nq/N, q − (n+ 1)q/N)) = Im(α(p − (n+ 1)q/N, q − (n + 2)q/N)) , (C.5)
for any n ≥ 0, which leads to the following equalities;
Im(α(p, q)) = Im(α(p, q − q/N)) = Im(α(p − q/N, q − 2q/N))
= ... = Im(α(p − nq/N, q − (n+ 1)q/N)) = ... ,
(C.6)
where the first equality is deduced from Bǫ(p, q) ⊂ int(V2\V1) and (C.2). It is now sufficient to set
n = N − 1 in (C.6) and find; Im(α(p, q)) = 0, which leads to a contradiction with (C.2). Therefore,
int(V2\V1) = ∅ and consequently; V = V1, since α
1
H and α
2
H both are continuous. Thus, e
α1
H
(p,q) =
eα
2
H (p,q) for any p, q ∈ Rm and therefore; α1H = α
2
H +2ikπ, for a fixed k ∈ Z over R
m ×Rm. But since
α1H and α
2
H coincide at the origin, V = ∅ and hence; α
1
H = α
2
H everywhere on R
m × Rm.
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